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Abstract. Let X be an analytic space of pure dimension. We intro- 
duce a formalism to generate intrinsic weighted Koppelman formulas on 
X that provide solutions to the 9-equation. We obtain new existence 
results for the 9-equation, as well as new proofs of various known results. 



1. Introduction 

Let X be an analytic space of pure dimension n and let O = O x be 
the structure sheaf of (strongly) holomorphic functions. Locally X is a 
subvariety of a domain Q in and then O = O^ 1 / J ', where J is the 
sheaf in Q of holomorphic functions that vanish on X. In the same way 
we say that is a smooth (0,g)-form on X, (ft G £o iq (X), if given a local 
embedding, there is a smooth form in a neighborhood in the ambient space 
such that 4> is its pull-back to X reg . It is well-known that this defines an 
intrinsic sheaf £ x q on X. It was proved in [15] that if X is embedded as a 
reduced complete intersection in a pseudoconvex domain and <f> is a 3-closed 
smooth form on X, then there is a solution tp to dtp = <f> on X re g. It was an 
open question for long whether this holds more generally, and it was proved 
only in [6j3 that this is indeed true for any Stein space X. 

In [6] we introduced fine (modules over the sheaf of smooth forms) sheaves 
Ak of (0, /c)-currents on X, which coincide with the sheaves of smooth forms 
on X reg and have rather "mild" singularities at X s i ng . The main result in 
[6] is that 

(1.1) -> O x -> Aq 4 Ai 4 

is a (fine) resolution of O . By the de Rham theorem it follows that the 
classical Dolbeault isomorphism for a smooth X extends to an arbitrary (re- 
duced) singular space, but with the sheaves Ak instead of <?o,fc- In particular, 
if X is Stein, <p G A g +i(X) and d(p = 0, then there is u G A q (X) such that 
du = 4>. 

The results in [B] are based on semiglobal Koppelman formulas on X that 
we first describe for smooth forms. 
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Theorem 1.1. Let X be an analytic subvariety of pure dimension n of a 
pseudoconvex domain Q C C N and assume that tt' CC Q and X' := Iflfi'. 
There are linear operators /C: £o,<j+iPO — ► £o,q(X' reg ) and V: £o t o(X) — > 
0(W) such that 

(1.2) (ft(z) = BJCcft(z) + K(B<f>)(z), z G X;, eg , (ft G fb,,(X), g > 1, 
and 

(1.3) 0(*) = + « G X' reg , (ft G £b,oW. 
Moreover, there is a number M such that 

(1.4) Kcft{z) = 0(S(z)- M ), 
where 5(z) is the distance to X' si . 

The operators are given as 

(1.5) K(ft{z) = J k((, z)Acf>((), V<ft{z) = Jp(C, «)A0(C), 

where k and p are intrinsic integral kernels on X x X' reg and X x 0', re- 
spectively. They are locally integrable with respect to £ on X re9 and the 
integrals in (|1.5j) are principal values at X s i ng . If vanishes in a neighbor- 
hood of a point x, then /C<^> is smooth at x. The distance 5(z) is the one 
induced from the ambient space; up to a constant it is independent of the 
particular embedding. The existence result in [15] for a reduced complete 
intersection is also obtained by an integral formula, which however does not 
give an intrinsic solution operator on X. 

We cannot expect our solution JCcft to be smooth across X s i ng , see, e.g., 
Example 1 in [BJ. However, /C and V extend to operators 1C: Aq+i(X) — > 
Ag(X') and V: Aq(X) — > 0(0,'), and the Koppelman formulas still hold, so 
in particular, dJCcft = (ft if (ft G A q +i(X) and deft = (Theorem 4 in [6j). 

There is an integer L, only depending on X, such that for each k > L, 
JC: C* q+1 (X) -> C fe g (X; e;? ) and P: C fc (X) C»(Q')- Here G C fc ? (X) 
means that is the pullback to X reg of a (0, g)-form of class C k in a neigh- 
borhood of X in the ambient space. We have 

Theorem 1.2. Let X, X',Q,fl' be as in the previous theorem. 

(i) If (ft G Cq i9+1 (X), 9 > 0, k > L + 1, and d</> = 0, then there is 
ip G C^ q (X' reg ) with -ift(z) = 0{8{z)- M ) and dip = (ft. 

(ii) If (ft G Cqq 1 (X) and 8 (ft = then (ft is strongly holomorphic. 

Part (ii) is well-known, [17J and [25], but Vcft provides an explicit holo- 
morphic extension of (ft to Q'. 

Our solution operator K, behaves like a classical solution operator on X reg 
and by introducing appropriate weight factors in the integral operators we 
get 

Theorem 1.3. Let X, X',£l, £1' be as in the previous theorem. Given fj, > 
there is \j! > and a linear operator /C such that if (ft is a 8-closed (0,9 + 1)- 
form on X reg , q > 0, with 5^^ (ft G LP{X reg ), 1 < p < oo, then dlCcft = (ft 
and 5~^K,(ft G L P (X'). 
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The existence of such solutions was proved in [TT] (even for (r, g i )-forms) 
by resolutions of singularities and cohomological methods (for p = 2, but 
the same method surely gives the more general results). By a standard 
technique this theorem implies global results for a Stein space X. In case 
X s i n g is a single point more precise result are obtained in [21] and |10j . In 
particular, if <j> has bidegree (0,g), q < dimX, then the image of L 2 (X reg ) 
under 3 has finite codimension in L 2 (X reg ). See also [19], and the references 
given there, for related results. In [9], Fornasss and Gavosto show that, for 
complex curves, a Holder continuous solution exists if the right hand side 
is bounded. Special hypersurfaces and certain homogeneous varieties have 
been considered, e.g., in [24] and [25] . 

We can use our integral formulas to solve the 9-equation with compact 
support. As usual this leads to a Hartogs result in X, and a vanishing result 
in the complement of a Stein compact, for forms with not too high degree. 
The vanishing result is well-known but we can provide a description of the 
obstruction in the "limit" case. For a given analytic space X, let v = v{X) 
be the minimal depth of the local rings O x (the homological codimension). 
Since X has pure dimension, v > 1, and X is Cohen-Macaulay if and only 
if v = n. 

Theorem 1.4. Assume that X is a connected Stein space of pure dimension 
n with globally irreducible components X 1 and let K be a compact subset such 
that X~. eg \ K is connected for each t. 

(i) If v > 2, then for each holomorphic function cf> £ 0(X \ K) there is 
$ € 0{X) such that $ = <f> in X\K. 

(ii) Assume that v = 1 and let x be a cutoff function that is identically 1 
in a neighborhood of K and with support in a relatively compact Stein space 
X' CC X. There is an almost semi-meromorphic d-closed (n,n—l)- current 
uj n -i on X' that is smooth on X' reg such that the function <f> € 0{X \ K) 
has a holomorphic extension $ across K if and only if 



Part (i) is proved in [3 Ch. 1 Corollary 4.4]. If X is normal and X\K is 
connected, then the conditions of Theorem 11.41 (i) are fulfilled. If X is not 
normal it is necessary to assume that X^. eg \ K is connected; see Example [2] 
in Section [5] below. See [20] for a further discussion. For related results 
proved by other methods see, e.g., [18], [22], and [23]. 

The current uj n -\ is the top degree component of a structure form oo 
associated to X, see Section [2j Since w n _i is almost semi-meromorphic, see 
Section [2] and [6], the integrals (the action of u n -\ on test forms) exist as 
principal values at X s i ng . If the holomorphic extension $ exists, then, since 
doj n -i = 0, we have that 



and hence condition (|1.6p is necessary; see, e.g., [6] for a discussion on 
currents on a singular space. 

There is a similar result for 3-closed forms (currents) in A: 



(1.6) 
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Theorem 1.5. Let X be a Stein space of pure dimension n and let K C X 
be a Stein compact. Assume that <p E A q (X \ K) and dp = 0, and let 
X' CC X be a Stein neighborhood of K. 

(i) If q < v — 2, then there is <3? € A q (X) such that 8® = and $ = (p 
outside X' . 

(ii) If q = v — 1, then there is such a 3> if and only if 

(1.7) / dxt\u n - v f\4>h = 0, heO(X). 
Jx 

As usual this leads to a vanishing theorem for d in X \ K. 

Corollary 1.6. Assume that <f> € A q (X \ K) and dep = 0. 

(i) If \ < q < v — 2, then there is tp £ A q -\{X \ K) such that dip = (p. 

(ii) If \ < q = v — 1, then there is ip £ A q -i(X \ K) such that dip = (p if 
and only if (|1.7|) holds. 

In view of the exactness of (|1.1|) . part (i) is equivalent to that H q (X \ 
K,(D) = for q < ^— 2; this vanishing is well-known, see, e.g., [2U1 Section 2]. 
The novelty here is the proof with integral formulas. Part (ii) provides a 
representation of the cohomology for q = v — 1. 

Remark 1. It follows from the proofs, and the semicontinuity of x i— > depth O x - 
that these theorems hold with v = ^(-fC) := min^x depth 0^. In Theo- 
rem [T3] however, one must take the minimum over a Stein neighborhood of 
K, cf., [201 footnote on p. 2]. □ 

In the same way we can obtain the existence of 9-closed extensions across 
X \ A for any analytic, not necessarily pure dimensional, subset A C X, see 
Proposition ET] below. For instance A may be X s i ng . This leads to vanishing 
results in X \ A. 

Theorem 1.7. Assume that X is a Stein space of pure dimension n, and 
let A be an analytic subset of dimension d > 1. Assume that <p G A q {X \ A) 
and dp = 0. 

(i) If 1 < q < u — 2 — d } then there is a ip £ A q -i(X \ A) such that dip = p. 

(ii) If 1 <q = v — 1 — d, then the same conclusion holds if and only if 

(1.8) / 8x/\Lo n - u /\(pAh = 

Jx 

for all smooth d-closed (0, d)-forms h such that the supphD suppdx is com- 
pact. 

Ifq = 0<i' — 2 — d orq = = v — l and (| 1 . 8 j) holds, then the conclusion 
is that p is holomorphic and has a holomorphic extension across A. 

Even in this case it is enough to take v = v{A). Because of the exactness 
of (jl.ip . part (i) is equivalent to the vanishing of H q {X \ A, O) for 1 < q < 
v — 2 — d, also this vanishing result is well-known, see [27], [31], and [28J. 

In [B] we introduced the sheaves W Pi9 of pseudomeromorphic (p, g)-currents 
on X with the so-called standard extension property SEP. It is proved that 
the operators K. and V in Theorem 11.11 extend to operators 

W , q +i(X) -> W , q (X'), W Q ,o(X) -> 0(p!). 
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Moreover, the Koppelman formulas hold if, in addition, (ft is in the domain 
Dom<9;>f of the operator dx introduced in [6|. The latter condition means 
that dcj) is in Wo,* and that (ft satisfies a certain "boundary condition" at 
X s i ng . If (ft e Wo,Oj then (ft is in Dom<9x and Bx4> = if an d only if (ft is 
(strongly holomorphic) , whereas d(ft = means that (ft is weakly holomorphic 
in the sense of Barlet-Henkin-Passare, cf., |14| . 

We will mainly be interested here in the case when X is Cohen-Macaulay. 
Then we can always choose (at least semi-globally) a structure form oj that 
only has one component ujq that is a <9-closed (n, 0)-form (current). The 
condition (ft £ Dom<9x then precisely means that there is a current ift in 
Wo,g+i such that 

B(4>/\uj) = tpAuj. 

For other equivalent conditions, see Section [2] and [6]. 

Thus BK4 = (ft in X' if e Wo, 9 (X) n Domdx and_d x ^ = 0. Unfor- 
tunately we do not know whether IC<j> is again in Dom<9x; if it were, then 
Wo : k H Dom<9x would provide a (fine) resolution of O. It is however true, 
[6], that if £ Wo,o and = 0, then (ft E O. Moreover, the difference 
of two of our solutions is anyway 9-exact on X reg if q > 1 and strongly 
holomorphic if q = 1. By an elaboration of these facts we can prove: 

Theorem 1.8. Assume that X is an analytic space of pure dimension n and 
that X is Cohen-Macaulay. Any d-closed (ft £ Wo,q(X) PI Dom<9x, q > 1, 
that is smooth on X reg defines a canonical class in H q (X, O x ) ; if this class 
vanishes then there is a global smooth form tp on X reg such that dip = (ft. In 
particular, there is such a solution if X is a Stein space. 

Remark 2. If (ft is not smooth, the conclusion is that there is a form ip € 
W q -i(X) such that dip = (ft on X reg . 

A similar statement holds even if X is not Cohen-Macaulay. However, 
the proof then requires a hypothesis on (ft that is (marginally) stronger than 
the Dom <9x-condition, see Section [71 □ 

The starting point is a certain residue current R, introduced in [3], that is 
associated to a subvariety X C J7, and the integral representation formulas 
from [2]. We discuss the current R, and its associated structure form uj on 
X, in Section [21 and in Section [3] we recall from [6| the construction of the 
Koppelman formulas. 

In Section [6] we describe some concrete realizations of the "moment" con- 
dition (jl.6p in Theorem 11.41 The remaining sections are devoted to the 
proofs. 

Acknowledgement: We are indebted to Jean Ruppenthal and Nils 
0vrelid for important remarks on an earlier version of this paper. We are 
also grateful to the anonymous referee for careful reading and valuable com- 
ments. 

2. A RESIDUE CURRENT ASSOCIATED TO X 



Let X be a subvariety of pure dimension n of a pseudoconvex set C C . 
The Lelong current [X] is a classical analytic object that represents X. It 
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is a cf-closed (p,p)-current, p = N — n, such that 

[X}4= [ t 

Jx 

for test forms £. If codimX = 1, X = {/ = 0} and df ^ on X reg , then 
the Poincare-Lelong formula states that 

(2.1) SIA^ _ [X]. 

To construct integral formulas we will use an analogue of the current 8(1/ f), 
introduced in [3], for a general variety X. It turns out that this current, 
contrary to [X], also reflects certain subtleties of the variety at X s i ng that 
are encoded by the algebraic description of X. Let J be the ideal sheaf over 
Vl generated by the variety X. In a slightly smaller set, still denoted Q, one 
can find a free resolution 

(2.2) -> 0(£ M ) ^> . . . A 0(E 2 ) A A 0(£ o ) 

of the sheaf O j J . Here Ek are trivial vector bundles over f2 and E?o = C 
is a trivial line bundle. This resolution induces a complex of trivial vector 
bundles 

(2.3) ->• £ A f ^ • • • A #2 #i ^> -> 

that is pointwise exact outside X. 

Let i/ = v(X) be the minimal depth of the rings OSj: j J x = O x ■ Then 
there is a resolution (|2.2[) with M = N — v. Since u > 1 we may thus assume 
that M < N — 1. If (and only if) X is Cohen-Macaulay, i.e., all the rings 
are Cohen-Macaulay, there is a resolution (|2.2p with M = N — n. 

Given Hermitian metrics on Ek, in [3| was defined a current U = U\ + 
■■■ + Um, where Uk is a (0, k — l)-current that is smooth outside X and 
takes values in Ek, and a residue current with support on X, 

(2.4) R = Rp + Rp +X + ■ ■ ■ + R M , 
where Rk is a (0, /c)-current with values in Ek, satisfying 

(2.5) V f U=l-R, 

and V f = f-d = Zfj-d. 

Let F = f\. The form-valued functions A h- > \F\ 2X u =: U x (here u is the 
restriction of U to \ X) and 1 - |F| 2A + 8\F\ 2X Au =: R x , a priori defined 
for Re A >> 0, admit analytic continuations as current- valued functions to 
Re A > — e and 

(2.6) U = U X \ X=0 , R = R X \ X=0 . 

Notice also that V f U x = 1 - R x . 

It is proved in [6] that R has the standard extension property, SEP, with 
respect to X. This means that if h is a holomorphic function that does not 
vanish identically on any component of X (the most interesting case is when 
{h = 0} contains X s i ng ), \ is a smooth approximand of the characteristic 
function for [l,oo), and \8 = x(\h\/S), then 

(2.7) lim x&R = R- 
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The SEP can also be expressed as saying that R is equal to the value at 
A = 0, \h\ 2X R\\ = o, of (the analytic continuation of) A h-> |/i| 2A i?| A=0 , see, 
e.g., @]. 

It holds that Vj o Vj = 0, and in view of (|2.5p . thus Vy-R = 0, so in 
particular, BRm = 0. 

We say that a current /jonl has the SEP on X if (with xs as above) 
— > fJ- when 5—^0, for each holomorphic h that does not vanish identi- 
cally on any irreducible component of X. We recall from [UJ that a current 
[i on X is almost semi-meromorphic if it is the direct image of a semi- 
meromorphic current under a modification X — > X, see, [BJ. Such a current 
^ is pseudomeromorphic and has the SEP on X, so in particular it is in W. 

It is proved in [6J that there is a (unique) almost semi-meromorphic cur- 
rent 

W = UJQ + Wi + • • • + UJ n+ M-N 

on X, where w r has bideg ree (/?*, r) and takes values in _Z? r ; — £^^v_ n ^ r |x, 
such that 

(2.8) i*uj = R A dz\ A • • • A dz N . 

The current uj is smooth and nonvanishing ([6, Lemma 18]) on X reg and 

(2.9) \u\ = 0{8- M ) 

for some M > 0, where (5 is the distance to X s i ng . We say that uj is a 
structure form for X, cf., Remark [3] below. The equality (|2.8|) means that 



RAdzi A • • • A dz N A£ = I wA£ 

for each test form £ in Here both integrals mean currents acting on the 
test form; the right hand side can also be interpreted as the principal value 



lim / xsu/\£. 



x 



In particular it follows that for a smooth form <J>, RA& only depends on the 
pull-back of $ to X reg . 

Remark 3. Let 

E r := E p+r \x, f := f P +r\x 

so that f r becomes a holomorphic section of Horn (E r , E r ~ 1 ). Then Vf = 
f' — d has a meaning on X. If is a meromorphic function, or even <f) € Wo,o 
on X, then <f>Auj is a well-defined current in W and <fi is strongly holomorphic 
if and only if 

(2.10) V/(0Aw) = O. 

If X is Cohen-Macalay and w = wo, then (|2.10p precisely means that 
3{(f)Auj) = (which by definition means that 4> is in Domdx and d<j) = 0). 
In this case Bujq = 0, i.e., ujq is a weakly holomorphic (in the Barlet-Henkin- 
Passare sense) (n, 0)-form; thus is precisely so singular it possibly can be 
and still be <9-closed. □ 
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From the proof of Proposition 16 in [6] it follows that we can write 
R = 7_i [-X - ], where 7 = 70 + • • • 7n-i is smooth in U \ X s i ng , almost semi- 
meromorphic in 17, and j r takes values in E p+r ® Tg r (17) <g> A p Ti t o(Q). In 
view of (|2.8p it follows that 

(2.11) f wA(= [RAd(A^ = ± [ ( 7 _,dC) AC, 

so in particular, u; = ±jjd(. 



3. Construction of Koppelman formulas on X 

Some of the material in this section overlap with [6] but it is included 
here for the reader's convenience and to make the proof of Theorem 11.81 
more accessible. We first recall the construction of integral formulas in [lj 
on an open set 17 in C . Let (771 , . . . , r/jv) be a holomorphic tuple in 17^ x 17 z 
that span the ideal associated to the diagonal A C fi( x 2 . For instance, 
one can take rj = £ — z. Following the last section in Ij we consider forms 
in 17^ x £l z with values in the exterior algebra A v spanned by Tq x (17 x 17) 
and the (l,0)-forms dr]i, . . . ,drj^. On such forms interior multiplication S„ 
with 

N Q 

has a meaning. We then introduce V,, = 5 V — 3, where 5 acts^ on both ( 
and z. Let g = go,o + ■ ■ ■ + 9n,n be a smooth form (in A^) defined for z in 
O' CC 17 and ( E fi, such that go,o = 1 on the diagonal A in 17' x 17 and 
V v g = 0. Here and in the sequel lower index (p, q) denotes bidegree. Since 
g takes values in thus g^^ is the term that has degree k in drj. Such a 
form g will be called a weight with respect to 17'. Notice that if g and g' are 
weights, then gAg' is again a weight. 

Example 1 . If 17 is pseudoconvex and K is a holomorphically convex compact 
subset, then one can find a weight with respect to some neighborhood 17' of 
K, depending holomorphically on z, that has compact support (with respect 
to £) in 17, see, e.g., [2} Example 2]. Here is an explicit choice when K is 
the closed ball IB and rj = £ — z: If a = £ • c??7/27rz ( | C 1 2 — C ' z )i then <5^o" = 1 
for Q 7^ z and 

( } = p (ici 2 -c-*) fc ■ 

If X is a cutoff function that is 1 in a slightly larger ball, then we can take 
9 = X ~ d X f\^— = X~ <9xA[a + a Ada + aA{8af + ■■■+ aA{da) N - 1 }. 

Observe that l/V v a = 1/(1 — da) = 1 + da + (da) 2 + • • • . One can find a 
g of the same form in the general case. □ 



For the time being, also dr/j is supposed to include differentials with respect to both 
£ and z; however, at the end only the d^rjj come into play in this paper. 
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Let s be a smooth (1, 0)-form in A v such that \s\ < C\rj\ and \5 v s\ > C\t]\ 2 ; 
such an s is called admissible. Then i? = s/V^s is a locally integrable form 
and 

(3.1) V n B = 1 - [A], 

where [A] is the (iV, iV)-current of integration over the diagonal in x £1. 
More concretely, 

_ 1 sA(Bs) k - 1 

If r/ = C — -z, s = d\r]\ 2 will do, and we then refer to the resulting form B as 
the Bochner-Martinelli form. In this case 

1 d\C - z\ 2 A{Bd\C - z^f- 1 



Bhk-l 



(2m) k |C - z 



2k 



Assume now that £1 is pseudoconvex. Let us fix global frames for the 
bundles E k in (j2.3j) over $7. Then E k ~ C rank£;fc , and the morphisms f k 
are just matrices of holomorphic functions. One can find (see [2] for explicit 
choices) (k—£, 0)-form-valued Hefer morphisms, i.e., matrices, : E k — > Eg, 
depending holomorphically on z and C, such that = for k < £, H\ = Ie v 
and in general, 

(3-2) 5 v Hi = Hi_J k -f e+l (z)H e k +1 ; 

here / stands for /(C)- Let 

HU = J2 H kUk, HR = Y,H° k R k . 

k k 

Thus HU takes a section of Eq, i.e., a function, depending on C into 
a (current-valued) section HU<& of E\ depending on both C and z , and 
similarly, HR takes a section of Eq into a section of Eq. We can have 

g x = f(z)HU x + HR X 

as smooth as we want by just taking Re A large enough. If Re A >> 0, then, 
cf., [2 p. 235], g x is a weight, and in view of (|3.ip thus 

V v (g X AgAB) = g x Ag - [A] 

from which we get 

d(g x AgAB) NtN ^ 1 = [A] - (g x Ag) N)N . 

As in [2] we get the Koppelman formula 
(3.3) 

*(*) = J^g X AgAB) N , N ^ l Ad$ + 5 z J^g x AgAB) N , N _ 1 A<S> + J^g x Ag) N , N A<l> 
for z € O', and since g A = when z € AT re9 we get 

(3.4) $(z) = J^(HR x AgAB) NiN - 1 Ad<i>+ 

B z j (HR X AgAB) NjN - 1 A$ + J {HR x Ag) N , N A<S>, z G X' reg . 
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It is proved in [6], see also [5] for a slightly different argument, that we can 
put A = in (|3.4p and thus 



where 



&(z)=lCd& + d)C$ + P&, z£X' reg , 
(3.5) K&{z) = J(HRAgf\B) NtN _iA<5>, z G X' r 



and 

(3.6) V${z) = J(HR/\g) NtN /\§, z G ft'. 

If is vanishing in a neighborhood of some given point x on X reg , then BA& 
is smooth in £ for z close to x, and the integral in (|3.5p is to be interpreted as 
the current R acting on a smooth form. It is clear that this integral depends 
smoothly on z G X' reg . Notice that 

(HRAgAB) N)N -i = 
H^R p A(gAB) 

N-p,N-p-l 

+ H% +1 R p+1 A(gAB) 

N-p-X,N-p-2 + ' ' ' j 

cf., J23D, and that 

(3.7) {j9^B) N - k>N - k -i = Oil/^r- 2 "- 1 ) 

so it is integrable on X reg for k > N — n. If $ has support close to x, 
therefore (|3.5|) has a meaning as an approximative convolution and is again 
smooth in z G X reg according to Lemma 13.21 below. 

From Section [2] is is clear that these formulas only depend on the pullback 
<p of <3? to X reg , and in view of (j'i.lip we have 

Proposition 3.1. Let g be any smooth weight in £1 with respect to Q' and 
with compact support in Q. For any smooth (0, q)-form (j) on X, JC<j> is a 
smooth (0,q — l)-form in X' reg , V(p is a smooth (0,q)-form in Q' , and we 
have the Koppelman formula 

(3.8) (j){z) = BlC4>(z) + K{d(j)){z) + V${z\ z G X' reg . 
where 



(3.9) K<t>{z)=] k((,z)A</>(0, V<t>{z) = J p((,z) A#C), 
and 

(3.10) k{(, z) := ± 1 j{HAgAB) NiN _ 1 , p{(, z) := ± 7 j(ff Ag) N , N . 

Since B has bidegree (*,* — 1), )C<j) is a (0,q — l)-form and V4> is (0,q)- 
form. It follows from (|2.7|) that the integrals in (|3.9p exist as principal values 
at X s i ng , i.e., K,<j) = lim /C(x5</>) and Vcfi = V(xs<j)) if Xs is as m (1'2.7|) . 

From (glJJ) and (|2TTTj) we find that 

(3.11) fc(C^)=a;(C)Aa(C^)/|7 7 | 2 ", 
where a is a smooth form that is 0(|r/|). 
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Remark 4. Assume that <f> is (smooth on X reg and) in Wo tq (X). Then, see [6], 
tCcj) and Vcj> still define elements in W(X') that are smooth in X' reg . Assume 
that <j> in addition is in ~Domdx- This means (implies) that dxs^/^u — > 0. 
Applying (j3.9j) to xs4> f° r z G X' reg and letting 5 — > 0, we conclude that ()3.9p 
holds for <j) as well. In particular, dK(j) = <f> if 50 = 0. □ 

Remark 5. In [6] we defined .4. as the smallest sheaf that is closed under 
multiplication with smooth forms and the action of any operator /C as above 
with a weight g that is holomorphic in z. We can just as well admit any 
smooth weight g in the definition. The basic Theorem 2 in [6j holds also for 
this possibly slightly larger sheaf, that we still denote by A. Basically the 
same proof works; the only difference is that in [5J (7.2)] we get an additional 
smooth term V(f>e-i, which however does not affect the conclusion. With 
this wider definition of A we have that K, and V in (|3.9|) extend to operators 
A(X) -> A(X') and A(X) -> £ ,*{X'), respectively. □ 

Lemma 3.2. Suppose that V C O is smooth with codimension p and £ has 
compact support and v < N — p. If £ is in C k {V), then 

f (Ci - m(o 

is in C k (V) as well for i = 1, . . . , N. 



h(z) 



\(-z\ 2 » 



4. Proofs of Theorems 11.11 11.21 and 11.31 

Proof of Theorem If we choose g as the weight from Example [T] then 
V<p will vanish for degree reasons unless <j> has bidegree (0,0), i.e., is a 
function, and in that case clearly V(f> will be holomorphic for all z in O'. 
Now Theorem 11.11 follows from (|3.8p except for the asymptotic estimate 

D- 

After a slight regularization we may assume that 5(z) is smooth on X reg 
or alternatively we can replace 5 by \h\ where h is a tuple of functions in 
f2 such that X s i ng = {h = 0}, by virtue of Lojasiewicz' inequality, [16] and 
|17j . In fact, there is a number r > 1 such that 

(4.1) (i/C)<T(C) < IMOI < cr«(0- 

We have to estimate, cf., (|3.1ip . 

when z — > X s i ng . To this end we take a smooth approximand x of X[i/4,oo)(*) 
and write (14.21) as 



x (5(()/5(z)M()A%^ + /(l x(*(0/*W))w(C)A^^ 



'C I'/l 

In the first integral, 5(Q > C5(z) and since the integrand is integrable we 
can use (|2.9p and get the estimate < 5(z)~ M for some M. In the second 
integral we use instead that u has some fixed finite order as a current so 
that its action can be estimates by a finite number of derivatives of (1 — 
x{S(C)/S(z)))a(C, z)/\n\ 2n , which again is like 5(z)~ M for some M, since 
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here 5(C) < 5{z)/2 and hence C\q\ > \5(z) - 5(C) \ > 5(z)/2. Thus CLU) 
holds. □ 

Proof of Theorem \1.2l Suppose that v is the order of the current R. Since 
/C<£ basically is the current R acting on $ times a smooth form, it is clear 
that the Koppelman formula (|3,8p . but with <I>, remains true even if is 
just of class C u+1 in a neighborhood of X. For instance, for given <3? in C y+1 
this follows by approximating in C" /+1 -norm by smooth forms. 

It is a more delicate matter to check that /C^ only depends on the pullback 
of $ to X. The current R is (locally) the push-forward, under a suitable 
modification it: Y — > f2, of a finite sum t = ^Tj where each Tj is a simple 
current of the form 

- 1 n 
(4-3) tj = B-^-A 



L h l h " 

with a smooth form a.j. Since R has the SEP with respect to X, arguing 
as in Section 5], we can assume that the image of each of the divisors 
tj ± = is not fully contained in X s i ng . Here is a sketch of a proof: Write 
t = t' + t" where r" is the sum of all Tj such that the image of t\. = is 
contained in X s i ng . Let \& = x(\h\/$), where h is a holomorphic tuple that 
cuts out X s i n g. Then lrm(-7r*x,s)T // = and lim(7r*x,5)T' = r'. Since R = tt*t 
and limx,5-R = R, it follows that R = 7t*t'. 

Therefore, if i: X — > ft and i*& = on X reg , then the pullback of 7r*$ 
to ti . =0 must vanish. If $ is in C +1 , where L is the maximal sum of the 
powers in the denominators in (|4.3[) . it follows that <i>Ai? = tt^(tt*^At) = 
and similarly d&AR = 0. □ 

Proof of Theorem \1.3[ We will use an extra weight factor. In a slighly 
smaller domain fi" CC we can find a holomorphic tuple a such that 
{o = 0}nln(!" = X sing n O". Let H a be a holomorphic (1, 0)-form in 
0," x f2" such that 5„H a = a(C) — a(z). If ij; is a (0, g)-form that vanishes in 
a neighborhood of X s j nfl we can incorporate a suitable power of the weight 

\ a \ \ a \ 

in (|3.8p : we will use the weight ga +n Ag instead of just g, the usual weight 
with respect to Q' CC O" CC £1 that has compact support and is holomor- 
phic in z. For degree reasons, the second term on the right hand side of 
(|4.4p can occur to the power at most n when pulled back to X, and hence 
the associated kernel 

k»(C,z) = 1 j(HAg a * n hgAB) N , N _ 1 

is like, cf., (l2TT|) . 



*Oa(?^^)'a0P/M~). 

The operators in Lemma 13.21 are bounded on Lf , so we have that 
(4.5) ^ = d! fc"(C,«)V(0+ / ^(C^)A^(C) 
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for (0, (7)-forms ip, q > 1, in L p (X reg ) that vanish in a neighborhood of X s i ng . 
If eft is as in Theorem ll.31 thus (|4.5|) holds for ^ = Xe<£) where Xe = x(l a | 2 / e )0 
and x is a smooth approximand of the characteristic function for [1, oo). 

If now fi' > M + r + /ir, where M is as in (|2.9|) and r as in (|4.ip . noting 
that dxe ~ Vl a l> ^ follows that 



tends to zero in L p when e — > if 5^^' ' (ft G L p . Therefore 

u= f F(C,z)A0(C) 
is a solution such that 5~ p u G L p . □ 

5. Solutions with compact support 

The proofs of Theorems 11.41 H-51 and 11.71 relay on on the possibility to 
solve the (9-equation with compact support. To begin with, assume that 
are as in Theorem 11.11 and let / G A. q +i(X) be enclosed and 
with support in X'. Choose a resolution flZ2]) of O x = O n /J in (a slightly 
smaller set) O that ends at level M = N — v where v is the minimal depth 
of G^- Let x be a cutoff function with support in Q' that is identically 1 in 
a neighborhood of the support of /, and let g be the weight from Example Q] 
with this choice of % but with z and £ interchanged. This weight does not 
have compact support with respect to C, but since / has compact support 
itself we still have the Koppelman formula (|3.8p . (The one who is worried 
can include an extra weight factor with compact support that is identically 
1 in a neighborhood of supp<9x; we are then formally back to the situation 
in Proposition 13.11 ) Clearly 



v{z)= I (HRAgAB) NiN ^Af 

is in Ag(X') and has support in a neighborhood of the support of /, and it 
follows from (|3.8p that it is indeed a solution if the associated integral Vf 
vanishes. However, since now a is holomorphic in £, for degree reasons we 
have that 

(5.1) Vf(z) = ±B X (z)A J HRN^AaAiBa fAf. 

If Q < v — 2, this integral vanishes since then N — q — 1 > N — v + 1 so that 
Rjy-q-i = 0. If q = v — 1, then Vf(z) vanishes if 

(5.2) J i?jv_ g _iAdClA . . . Ad( N Afh = ± J fAhu n ^ = 

for all h G O(X'), and by approximation it is enough to assume that (|5.2p 
holds for h G O(X). 

Remark 6. The condition (|5.2p is necessary: Indeed if there is a solution 
w G A q (X') with compact support, then since doj n - u = in X' we have that 

f Ahuj n - U = ± / dvAhiOn-v = 0, 
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since d(voj n - u ) = dvNjj n - v . This in turn holds, since V f{v/\u) = —dvAu, 
which directly follows from the definition of v being in A C Dom dx • D 

Proof of Theorem \l-4\ Since X can be exhausted by holomorphically convex 
subsets each of which can be embedded in some affine space, we can assume 
from the beginning that J C O C C , where Q, is holomorphically convex 
(pseudoconvex) . Let fi' CC Q be a holomorphically convex open set in f2 
that contains K. Let x be a cutoff function with support in O' that is 1 in a 
neighborhood of K and let / = dx^(f>- Then (1 — x)<j> is a smooth function 
in X that coincides with <f> outside a neighborhood of K. As we have seen 
above, one can find a u G Aq(X) with support in X' such that du = f if 
either v > 2 or (pT2]h i.e., JO]), holds. 

Since X s j„ 9 is not contained in K, our solution u is, outside of K, only 
smooth on X reg . Therefore & = (1 — x)<ft + u 1S holomorphic in X reg , in a 
neighborhood of K, and outside O'. Since X^. eg \K is connected, $ = <j> there. 
(It follows directly that $ is in 0{X), since it is in Aq{X) and 8$ = 0.) □ 

Example 2. Let I C C 2 be an irreducible curve with one transverse self 
intersection at G C 2 . Close to 0, X has two irreducible components, 
A±, A2, each isomorphic to a disc in C. Let K C A\ be a closed annulus 
surrounding the intersection point A\ D ^2- Then X \ X is connected but 
Xfeg \Jf is not. Denote the "bounded component" of Ai \if by C7i and put 
U 2 = X\(KUUi). Let 4> G G(Jf) satisfy 0(0) = and define to be on U x 
and equal to (f) on L^. Then G 0(X\K) and a straight forward verification 
shows that satisfies the compatibility condition (jl.6p . However, it is clear 
that (f) cannot be extended to a strongly holomorphic function on X. □ 

Proof of Theorem \1.5\ and Corollary \1.6l Theorem 11.51 is proved in pretty 
much the same way as Theorem 11.41 Again we can assume that X C ft, C 
C . Again take x that is 1 in a neighborhood of K and with compact 
support in X' . There is then a solution in A q (X') to du = dx^4> with 
support in X' if q < v — 2 or q = v — 1 and (|5.2p . i.e., (|1.7p holds. Thus 
$ = (1 — x)4> + u is in AiPO, = 0, and $ = outside X'. 
Let us now consider the corollary. We may assume that 

K C ■■■ X i+1 CC X e CC • • • X CC X, 

where all Xi are Stein spaces. It follows from Theorem 11.51 that for each 
I there is a <9-closed <3?f G A q (X) that coincides with outside Xi, if q < 
v — 2 oy q = v — 1 and (|1.7p holds. From the exactness of (jl.ip we have 
ii£ G ^l ? _i(X) such that du' e = Since 0(u^ — u' e+1 ) = outside X%, there 
is a 9-closed W£ G ^4 9 _i(X) such that W£ = u^ — u' i+1 outside Xi (or at least 
outside Xi— 1). If we let Uj t = u' k — (w\ + • • • + io^_x) then u = limu^ exists 
and solves du = <f> in X \ K. □ 

One can show directly that the conditions (jl.6p and (jl.7p are independent 
of the choice of metrics on E 9 : Let i?' and ii be the currents correspondning 
to two different metrics. With the notation in the proof of Theorem 4.1 in 
[3] we have 

(5.3) V f M = R-R', 
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where M = B\F\ 2X An' Au\\=o- It follows as in this proof that, outside X s i ng , 
M = PRm-u where j3 is smooth. Following the proof of Proposition 16 
in [6], we find that in fact MAdz = i*m, where m = fiojQ outside X s i ng . 
However, /? is a sum of terms like 

fan-v) ■ ■ ■ {da' r+1 )a' r {da r ^i) ■ ■ ■ (Ba N - n+1 ), 

it is therefore almost semimeromorphic on X, and thus m = /3ujq. More- 
over, as in the proof of the main lemma Lemma 27] it follows that 
^XijA/SAwoA^ — > when 5 — > if 4> is in A. Therefore, 

Bm N ~ n A(f)Ah = lim / xsBm N ~ n A<pAh = ± lim / mAdxsAcj) h = 0. 
x s ~*° Jx Jx 



-V 



From (|5.3p we have that BM^-v = R'n-v ~ Rn-v and hence dm n . 
u' n -i, — oj n ~u- We thus have that (|1.7p holds with ui n - u if and only it holds 
with uL 



n — v 



Remark 7. The proofs above for part (i) of the theorems can be seen as 
concrete realizations of abstract arguments. There is a long exact sequence 

->• H° K (X, O) -> H°(X, O) -»• H°(X \K,0)-> 

-)- H l K {X, O) -> H l {X, O) ->> H X {X \ K, O) -> • • • . 

Since X is Stein, i? fc (X, O) = for A; > 1. Thus O) ^ H°(X\ K, O) 

is surjective if Hj^(X, O) = 0, and in the same way, for (7 > 1, we have that 
\ K, O) = if (and only if) H^^X, O) = 0. □ 

We now consider X \ ^4 where X is Stein and A is an analytic subset of 
positive codimension. For convenience we first consider the technical part 
concerning local solutions with compact support. 

Proposition 5.1. Let X be an analytic set defined in a neighborhood of the 
closed unit ball B C C^, A an analytic subset of X, and let x € A, and let 
a be a holomorphic tuple such that A = {a = 0} in a neighborhood of x and 
let d = dimA. Assume that f is in A q +i in a neighborhood of x, df = 0, 
and that f has support in {\a\ < t} for some small t. (We may assume that 
f = close to A.) 

(i) If < q < v — d — 2, then one can find, in a neighborhood U of x, a 
(0, q)-form u in A q with support in {\a\ < t} such that du = f in X \AnU . 

(ii) If0<q = v — d — 1, then one can find such a solution if and only if 

(5.4) / /A/iAuw = 

Jx 

for all smooth d-closed (0,d) -forms h such that supphd{\a\ < t} is compact 
and contained in the set where df = 0. 

Proof. Let \a be a cutoff function in B, which in a neighborhood of x sat- 
isfies that Xa = 1 in a neighborhood of the support of / and Xa = in 
a neighborhood of {\a\ > t}. Close to x we can choose coordinates z = 
(z' , z") = (z[, . . . ,z' d , z", . . . , z'^_ d ) centered at x so that A C {\z"\ < \z'\}. 
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Let H a be a holomorphic (l,0)-form, as in the proof of Theorem 11.31 and 
define 



9 a = Xa(z)-d X a(z)/\—^, a a 



VrjVa \a(z)\ 2 - o(C) 

Then g a is a smooth weight for £ on the support of /. Since / is supported 
close to A we can choose a function % = x((')> which is 1 close to x and such 
that fx has compact support. Let g = x — dx A a /V ri a be the weight from 
Example 2 but built from z' and Our Koppelman formula now gives that 

u = Kf = J{HRAg a A fl A%,jv_i A/ 

has the desired properties provided that the obstruction term 



Vf = j (HRAg a Ag) N , N Af 



vanishes. Since g is built from g has at most degree d in cZ£. Moreover, 
HR has at most degree N — v in d( and g a has no degree in dC,. Thus, if 
q < v — d — 2, then (HR A g a A g)N,N A / cannot have degree iV in <iC and 
so "P/ = in that case. This proves (i). If q = v — d — 1, then 

Vf = B Xa (z)A J HR N _ U Ag d A a a A(Ba a )" f. 

Now, H a depends holomorphically on £ and g d is 9-closed since it is the top 
degree term of a weight. Also, g has compact support in the (^'-direction, 
so supp(g) Pi {\a\ < t} is compact and thus Vf = if (|5.4|) is fulfilled. On 
the other hand, it is clear that the existence of a solution with support in 
{\a\ < t] implies □ 

Proof of Theorem Arguing as in the proof of Corollary 11.61 above, we 
can conclude from Proposition 15.11 Given a point x there is a neighborhood 
U such that if (j) G A q (U Pi X \ A) is B-closed, < q < v — d — 2 or 
§ < q = v — d — 1 and (|1.8j) holds, (ft is strongly holomorphic if q = and 
exact in X \ An U' , for a possibly slightly smaller neighborhood U' of x, if 
q>l. 

We define the analytic sheaves on X by Tk(V) = Ak(V \ A) for open 
sets V C X. Then J 7 ^ are fine sheaves and 

(5.5) -> Ox -> A Ji A T 2 A • • • 

is exact for k <u — d — 2. It follows that 

Ker 5 J- fc (X) 



ff fc (X, Ox) 



^ fe -i(X) 



for A; < z^ — d— 2. Hence Theorem [1.71 follows for q < v — d — 2. \iq = v — d— 1 
and (|1.8p holds, then 4> is in the image of T q -\ — > F q , and then the result 
follows as well. □ 
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6. Examples 

We have already seen that if X is smooth, then ojk is just a smooth (n, k)- 
form, and ojq is non- vanishing. At least semi-globally we can choose u = ojq, 
and then ujq is holomorphic. 

Let now X = {h = 0} C 1 C C n+1 , h £ 0(B), be a hypersurface in 
the unit ball in C n+1 and assume that € X. The depth (homological 
codimension) of 0% equals dimX = n for all x € X. The residue current 
associated with X is simply R = R\ = 8(1/ h) and so by the Poincare-Lelong 
formula ([%TJ) 

R Ad( = d\ Ad( = d\ A — ^- A cl> = lD A [X] , 
n, n, 27rz 



where, e.g., 



n+1 



£ = 2vri E(" 1 ) n " 1 ^^^ A ... A dO A ... A dCn+i- 

The structure form associated with X then is to = i*u), where i: X ^+ B. 
Alternatively, we can write R = 7_i[X], and thus 

(6.1) u = ±i*( 7 jdCiA... AdCn+l), 

for 

(6 - 2) 7= -^§S&ra5- 

Let K = {0} C X and let (p <E A g (X \ K) be 5-closed. Since v = n it 
follows from Theorem 11.51 and Corollary 11.61 that has a enclosed extension 
in A q (X) and is <9-exact in X \ K if q < n — 2, or if q = n — 1 and (|1.7p holds. 
Let us consider (|1.7p in our special case; assume therefore that q = re— 1. The 
function x m (jHZj) may be any smooth function that is 1 in a neighborhood 
of X and has compact support in B. Via Stokes' theorem, or a simple limit 
procedure, we can write the condition (|1.7p as 

(6.3) = / wA0£, ( e 0(B), 

where w is given by ()6.ip and (|6,2p . 

In case X = {Cn+i = 0} we have oj = ±2irid(i A • • • A d( n and (|6.3p reduces 
to the usual condition for (j) having a 9-closed extension across 0. Let instead 
X = {Ql - C| = 0} n B C C 2 , where 2 < r < s are relatively prime integers. 
Then r i— > (r s ,r r ) is the normalization of X. We have 

7 " r 2 |Ci| 2 ( r - 1 )+s 2 |C 2 | 2 ( s - 1 ) ' 

and it is straightforward to verify that uj = 2-nidT /r^ -1 " 8- ^ . Let 4> be holo- 
morphic on X\{0} = X reg . Then, cf., (j6.3|) . <fi has a (strongly) holomorphic 
extension to X if and only if 

/ ^dr/T^- 1 ^- 1 *) =0, £ € 0(X). 
^|r|=e 
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7. Proof of Theorem 11.81 

We now turn our attention to the proof of Theorem 11.81 We first assume 
that X is a subvariety of some domain f2 in C^. A basic problem with the 
globalization is that we cannot assume that there is one single resolution 
(|2.2p of Oj J in the whole domain Q. We therefore must patch together 
local solutions. To this end we will use Cech cohomology. Recall that if $7j 
is an open cover of 0, then a A;-cochain £ is a formal sum 

i/i=fc+i 

where I are multi-indices and ej is a nonsense basis, cf., e.g., [1, Section 8]. 
Moreover, in this language the coboundary operator p is defined as p£ = eA£, 
where e = ^ • e j . 

If g is a weight as in Example [T] and g' = (1 — xV/V^cr, then 

(7.1) V^ = l-g. 

Notice that the relations (|3.2p for the Hefer morphism(s) can be written 
simply as 

S V H = Hf- f(z)H = Hf 

Viz ex. 

Proof of Theorem ] 1.$] in case Ic!lC C . Assume that (f> is in W(X) n 
Domdx, smooth on X reg , and that 8(f) = 0. Let £lj be a locally finite open 
cover of with convex polydomains (Cartesian products of convex domains 
in each variable), and for each j let gj be a weight with support in a slightly 
larger convex polydomain Qj DD fL and holomorphic in z in a neighborhood 
of Oj. Moreover, for each j suppose that we have a given resolution (|2.2|) in 
Oj, a choice of Hermitian metric, a choice of Hefer morphism, and let (HR)j 
be the resulting current. Then, cf., Remark H] above, 

(7.2) u 3 (z) = J {{HR) j f\g 3 f\B) NN _ l f\<t> 

is a solution in {ljPiX reg to duj = (j). We will prove that Uj — Uk is (strongly) 
holomorphic on Qj^ n X if g = 1 and Uj — = dujk on Oj^ n AT re9 if g > 1, 
and more generally: 

Claim I Let u° be the 0-cochain u° = ^ UjAej. For each k < q — 1 there is 
a k-cochain of (0,q — k — l) -forms on X reg such that pu k = Bu k+l if k < q—1 
and pu q ~ x is a (strongly) holomorphic q-cocycle. 

The holomorphic g-cocycle pvfl -1 defines a class in H q (Q, O / J) and if Q. 
is pseudoconvex this class must vanish, i.e., there is a holomorphic q — 1- 
cochain h such that ph = pu q . By standard arguments this yields a 
global solution to dip = (p. For instance, if q = 1 this means that we have 
holomorphic functions hj in Qj such that Uj — = hj — hf. in Qj^ n X. It 
follows that Uj — hj is a global solution in X re5 . 

We thus have to prove Claim I. To begin with we assume that we have a 
fixed resolution with a fixed metric and Hefer morphism; thus a fixed choice 
of current HR. Notice that if 

9jk = gj^9k ~ 9k^9j, 
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cf., (f73|> . then 

V^jjfc = 9j — 9k 

in fL-fc. With <? A as in Section [3l and in view of (|3.ip . we have 

V v (g X Ag jk AB) = g X A gj AB - g X Ag k AB - g x Ag jk + g x Ag jk A[A\. 

However, the last term must vanish since [A] has full degree in dr\ and gj k 
has at least degree 1. Therefore 

-B(g X Ag jk AB) N>N ^ 2 = (g X Ag j AB) N>N - 1 -(g X Ag k AB) NtN - 1 -(g X Ag jh ) NtN -l 

and as in Section [3] we can take A = and get, assuming that B(f) = and 
arguing as in Remark [H 

(7.3) uj -u k = J (HRAgj k )N,N-iK<f> + B Z J (HRAg jk AB) NtN - 2 A(f). 

Since gj k is holomorphic in z in Qj k it follows that Uj — u k is (strongly) 
holomorphic in £lj k n X if q = 1 and <9-exact on n X reg if g > 1. 
Claim II Assume that we have a fixed resolution but different choices of 
Refer forms and metrics and thus different a,j = {HR)j in Clj . Let e'- be a 
nonsense basis. If A = ^OjAe'j, then for each k > there is a k-cochain 

A k = 

\I\=k+l 

where Aj are currents on Clj with support on Clj n X and holomorphic in z 
in CI i, such that 

(7.4) p'A k = e'AA k = V v A k+1 . 
Moreover, 

(7.5) d X 8A(/)AA k ->• 0, <5 -> 0. 



For the last statement we use that X is Cohen-Macaulay. 
In particular we have currents aj k with support on X and such that 
V v a jk = aj - a k in tt jk . If 

w jk = a jk A gj Ag k + ajAgjAg'f, - a k Ag k Agj, 

then 

V v w jk = ajAgj - a k Ag k . 

Notice that Wj k is a globally defined current. By a similar argument as 
above (and via a suitable limit process), cf., Remark H] and (|7.5p . one gets 
that 

Uj ~ u k = J (wjfc)jv,JV-iA0 + B z J (w jk AB) NjN -2A(() 
in Qj k n X reg as before. In general we put 

e ' = 9 = J2^ Ae r 

If, cf., (HU, 

/ = X^i Ae j 
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then 

V^s' = e-g = e-e'. 

If ai is a form on Qj, then aiAe'j is a well-defined global form. Therefore A, 
and hence also 

W = AAe 9 ', 

i.e., W k = ■ A k ~i (g'y / jl, has globally defined coefficients and 

pW = VrjW. 
In fact, since A and g' have even degree, 

V v {AAe 9 ') = e'AAAe 9 ' + AAe 9 ' A(e - e) = eAAAe 9 ' . 
By the yoga above the /c-cochain 

u k = J(W k AB) N:N ^ 1 A^ 

satisfies 

pu k = B z j {W k+1 AB) NjN -k-2^> + J (^ fc+1 )^-fe-iA0. 

Thus pu k = Bu k+l for k < q — 1 whereas pAu q ~ l is a holomorphic q-cocycle 
as desired. 

It remains to consider the case when we have different resolutions in 
flj. For each pair j, k choose a weight g s . k with support in Cljj. that is 
holomorphic in z in ^l Sjk = Qjk- By [12} Theorem 3 Ch. 6 Section F] we 
can choose a resolution in £l Sjk = Qjk i n which both of the resolutions 
in Slj and restricted to Q Sjk are direct summands. Let us fix metric 
and Hefer form and thus a current a Sjk = (HR) Sjk in Q s _. k and thus a 
solution u S]k corresponding to (HR) S:jk Ag Sjk . If we extend the metric and 
Hefer form from £lj in a way that respects the direct sum, then {HR)j with 
these extended choices will be unaffected, cf., [31 Section 4]. On £lj Sjk we 
therefore practically speaking have just one single resolution and as before 
thus Uj — u s is holomorphic (if q = 1) and duj Sjk if q > 1. It follows that 
Uj —Uk = Uj — u s + u s — ut is holomorphic on Vtjk if q = 1 and equal to d of 

u jk = u js jk + u Sjk k 
if q > 1. We now claim that each 1-cocycle 
(7.6) u jk + u M + uij 

is holomorphic on if q = 2 and <9-exact on n X re9 if g > 2. On 
= rjjfc/ we can choose a resolution in which each of the resolutions 
associated with the indices Sjk,Ski and s^j are direct summands. It follows 
that u jSjk + u SjkS]kl + u Sjklj is holomorphic if q = 2 and du js . kajM iiq>2. 
Summing up, the statement about (|7.6p follows. If we continue in this way 
Claim I follows. 

It remains to prove Claim II. It is not too hard to check by an appropriate 
induction procedure, cf., the very construction of Hefer morphisms in [2], 
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that if we have two choices of (systems of) Hefer forms Hj and H k for the 
same resolution /, then there is a form Hj k such that 

(7.7) S v Hj k = Hj — H k + f(z)Hj k — Hj k f. 
More generally, if 

H° = E H ^ 

then for each k there is a (holomorphic) /c-cochain H k such that (assuming 
f(z) = for simplicity) 

(7.8) 5 v H k = eAH k ~ l - H k f 

(the difference in sign between (|7.7|) and (|7.8p is because in the latter one / 
is to the right of the basis elements). 

Elaborating the construction in [31 Section 4], cf., [1, Section 8], one finds, 
given R° = ^RjAej, fc-cochains of currents R k such that 

(7.9) X7 f R k+1 = eAR k . 

(With the notation in [3J, if Rj = B\F\ 2X Au^\\ = q, then the coefficient for 
ejAe k Ae e is B\F\ 2X Au j u k u e \x=o, etc.) 

We define a product of forms in the following way. If the multiindices /, J 
have no index in common, then (ej, ej) = 0, whereas 

Ijlll j|! 

(e/Ae£,e £ Aej) = - — . + ^y e/Aej. 

We then extend it to any forms bilinearly in the natural way. It is easy to 
check that 

(H k f,R") = -(H k JR e ). 

Using (|7.8p and (|7,9p (and keeping in mind that H k and R e have odd order) 
one can verify that 

V v (H k , R e ) = (eAH k ~\R e ) + (H k , eAR e ). 

By a similar argument one can finally check that 

k 

A k = J2(H j ,R k - j ) 

3=0 

will satisfy ([73D- 

Since X is Cohen-Macaulay, each R k will be a smooth form times the 
principal term (i?j)jy_ n for Rj corresponding to some choice of metric. The 
case with two different metrics is described in [31 Section 4] and the general 
case is similar; compare also to the discussion preceding Remark [71 Thus 
(|7.5p holds, and thus Claim II holds, and so Theorem 11.81 is proved in case 
X is a subvariety of f! C C . □ 

Remark 8. If X is not Cohen-Macaulay, then we must assume explicitly that 
dx8A(f)AR k -> for all R k . □ 

The extension to a general analytic space X is done in pretty much the 
same way and we just sketch the idea. First assume that we have a fixed 
r\ as before but two different choices s and s of admissible form, and let B 
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reg- 



and B be the corresponding locally integrable forms. Then, one can check, 
arguing as in [UJ Section 5], that 

(7.10) V ri (BAB) = B-B 

in the current sense, and by a minor modification of Lemma 13.21 one can 
check that 

J (HRAgABAB) n,N—2^4 > 

is smooth on X reg n f2'; for degree reasons it vanishes if q = 1. It follows 
from ([miD that V V (H R x Ag AB AB) = HR x AgAB - HR x AgAB from which 
we can conclude that 

(7.11) B z J (HRAgABAB) NtN - 2 /\<P = 

Now let us assume that we have two local solutions, in say O and £1', 
obtained from two different embeddings of slightly larger sets f2 and Q' in 
subsets of and , respectively. We want to compare these solutions on 
£1 n £1' . Localizing further, as before, we may assume that the weights both 
have support in O nf2'. After adding nonsense variables we may assume that 
both embeddings are into the same C , and after further localization there 
is a local biholomorphism in that maps one embedding onto the other 
one, see |12j . (Notice that a solution obtained via an embedding in C^ 1 also 
can be obtained via an embedding into a larger C^, by just adding dummy 
variables in the first formula.) In other words, we may assume that we have 
the same embedding in some open set C but two solutions obtained 
from different rj and rj ' . (Arguing as before, however, we may assume that 
we have the same resolution and the same residue current R.) Locally there 
is an invertible matrix hjk such that 

(7.12) Vj = J2 h 3kVk- 

We define a vector bundle mapping a* : A^/ — > A v as the identity on T * ^(f2 x 
$7) and so that 

a*H j = ^2 h jkdrik- 

It is readily checked that 

Therefore, a*g' is an //-weight if g' is an //'-weight. Moreover, if H is an 
//-Hefer morphism, then a*H is an //-Hefer morphism, cf., (|3.2p . If B' is 
obtained from an 7/ admissible form s' , then a*s' is an //-admissible form 
and a*B' is the corresponding locally integrable form. We claim that the 
//-solution 

(7.13) v' = JiH'RAg'AB')^^ 
is comparable to the //-solution 

(7.14) v = J a*(H'R)Aa*g'Aa*B'A(f>. 
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Notice that we are only interested in the d^-component of the kernels. We 
have that (drj = drjiA . . . Adr/N etc) 

(H'RAg'AB')^-! = AAdr]' ~ AA &et{drf /dQdC, 

and 

^(H'RAg'AB 1 )^^! = AAdethAdrj ~ AA det h det(dr]/dQd(. 

Thus 

a*(H'RAg'AB') N]N ^ ~ 7 (C, z)(H' RAg' AB r ) NjN ^ 

with 

i ,1 drj f drj' \- 1 
7 = det/idet — (^det— J . 

From (|7.12|) we have that dr/j/dQ = ^2 k hj^drj^/dQ + which implies 

that 7 is 1 on the diagonal. Thus 7 is a smooth (holomorphic) weight and 
therefore (|7.13p and (|7.14p are comparable, and thus the claim is proved. 
This proves Theorem 11.81 in the case q = 1, and elaborating the idea as in 
the previous proof we obtain the general case. 

Remark 9. In case X is a Stein space and X s i ng is discrete there is a much 
simpler proof of Theorem 11.81 To begin with we can solve dv = (ft locally, 
and modifying by such local solutions we may assume that (ft is vanishing 
identically in a neighborhood of X s i ng . There exists a sequence of holomor- 
phically convex open subsets Xj such that Xj is relatively compact in Xj + \ 
and Xj can be embedded as a subvariety of some pseudoconvex set Qj in 
C N i. Let K t be the closure of Xp. By Theorem O we can solve dup = (ft 
in a neighborhood of Kp and up will be smooth. If q > 1 we can thus solve 
dwp = up + \ — up in a neighborhood of Kp, and since X s i ng is discrete we can 
assume that dwp is smooth in X. Then vp = up — dwt defines a global 
solution. If g = 1, then one obtains a global solution in a similar way by a 
Mittag-Leffler type argument. □ 
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